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Abstract—We have analyzed two-dimensional correlation functions from the dynamic spectra of 11 pulsars
using the archival data of the “Radioastron” project. The time-sections of these functions were approximated
by exponential functions with a power . It is shown that this approximation describes the shape of the cor-
relation function much better than the Gaussian. The temporal structure function  for small values of
the delay is a power law with an index . The spectrum power of spatial inhomogeneities of the interstellar
plasma is related to the power of the structure function as . We have determined the characteristic
scintillation time and the power  in the direction of 11 pulsars. In the direction of three pulsars (B0329+54,
B0823+26, and B1929+10), the spectrum power of spatial inhomogeneities of the interstellar plasma turned
out to be very close to the value for the Kolmogorov spectrum ( ). For other pulsars, it ranges from
3.18 to 3.86. It is shown that the measured scintillation parameters are significantly influenced by the duration
of the observation session, expressed by its ratio to the characteristic scintillation time. If this parameter is less
than 10, the parameter estimates may be biased: the values of  and the characteristic scintillation time 
may decrease.
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1. INTRODUCTION

Inhomogeneities in the interstellar plasma scatter
radio emission of space sources. Intense studies of
scattering effects began with the discovery of pulsars,
since pulsars are ultra-compact objects with coherent
radiation and the influence of the source structure can
be neglected. The scattering is manifested as image
blurring, pulse broadening, intensity modulation over
time and frequency (scintillation), and distortion of
radio spectra. The parameters characterizing these
phenomena are scattering angle , scattering time

, characteristic scintillation time , and charac-
teristic decorrelation band . Theoretical studies of
scattering effects have established certain relationships
between their parameters (see, e.g., [1–3]). They must
be compared with the parameters measured in radio
astronomical observations of pulsars.

In the analysis of scintillations, it three modes of
averaging of observed values are considered: snapshot
mode, averaging mode, and ensemble averaging
mode. First, snapshot mode corresponds to the aver-
aging time , i.e., the averaging time is

much shorter than the characteristic scintillation time.
Second, analysis in the averaging mode corresponds to
the opposite case, . Here, as scintillation
time, we mean the diffraction scintillations time,
which in most cases ranges from a few seconds to tens
of minutes at meter and decimeter wavelengths. Third,
there is also refractive scintillation with a characteristic
time of several weeks and months [4]. Analysis of
the observed parameters over such time intervals is
named ensemble averaging [5]. In this study, we will
analyze scintillations in the normal averaging mode,

.
We will use the observational data obtained during

the implementation of the scientific program of the
ground-space interferometer “Radioastron.” These
data have been used already in other studies [6–8].
Dynamic spectra  and two-dimensional cor-
relation functions  will be analyzed.

2. OBSERVATIONS
Pulsar studies were an important part of the scien-

tific program of the “Radioastron” ground-space
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Table 1. The list of studied pulsars

PSR—the pulsar name; —total observations time, min; —timestep, s; —the number of sets in the spectrum; — the timespan
of a single spectrum, s; —the number of channels; RT—the telescope: GB—100-m Green-Bank radio telescope, AR— 300-m Arec-
ibo radio telescope, PA—64-m Parkes radio telescope; Date—the date of observations; Code—the code of the experiment.

PSR , min , s , s RT Date Code

B0329+54 60 7.145 504 3600 4096 GB 26.11.2012 raes10a
B0809+74 180 10.33 1045 10800 4096 GB 17.12.2012 raes06g
B0823+26 150 0.531 16950 9000 2048 AR 11.03.2015 rags04aj
B0834+06 55 1.273 2600 3300 8192 GB 08.12.2014 rags04ah
B0919+06 90 0.430 12558 5400 2048 AR 10.05.2018 rags29p
B1133+16 120 1.188 6000 7200 1024 AR 03.02.2018 rags29g
B1237+16 100 1.382 4340 6000 512 AR 22.12.2017 rags28c
B1749–28 250 5.625 2666 15000 192 PA 26.05.2014 raks02az
B1929+10 100 0.226 26550 6000 512 AR 05.05.2015 rags04ap
B1933+16 90 0.358 15083 5400 8192 AR 01.08.2013 rags02aa
B2016+28 45 0.558 5376 3000 2048 AR 22.05.2015 rags04aq

T Δt tN obsT fN

T Δt tN obsT
fN
interferometer. The observations were carried out
mainly at the frequency of 324 MHz and, in some
cases, at the frequency of 1668 MHz. The receiver fre-
quency bands were 16 and 32 MHz, respectively.
These studies were mainly aimed at the properties and
spatial distribution of interstellar plasma. The dis-
tances to effective scattering screens were determined
by comparing the angular broadening  with the
characteristic time of the pulse scattering  [6–9].
The pulsars selected for our study and their parameters
are listed in Table 1. In this paper, we will use the
dynamical spectra of pulsars  defined earlier for
other purposes. The details concerning construction
of dynamic spectra may be found in the publications
cited above. The individual spectrum for the given
time  is calibrated as

(1)

where  and  are the spectra
obtained in time windows during the pulse of the pul-
sar and out the pulse, respectively. Each dynamic
spectrum contains  values, where  is the
number of frequency channels and  is the number of
spectra in the given observational sample. Usually, the
time interval between successive spectra is equal to the
period of the pulsar, but in some cases, averaging over
several periods was performed in order to smooth out
the intrinsic variations in the intensity of the pulsar
from pulse to pulse. All these parameters are listed
in Table 1. In our list, two pulsars (B1749-28 and
B1933+16) were observed at the frequency 1668 MHz
and the rest of objects—at the frequency 324 MHz.
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3. THE ANALYSIS METHOD 
OF DYNAMIC SPECTRA

As it was already noted in the Introduction, for a
justified assessment of the scattering parameters, we
analyzed the dynamic spectra in the time interval

. For this purpose, two-dimensional cor-
relation functions of dynamic spectra were calculated
over the entire observation interval. The two-dimen-
sional correlation function  was calcula-
ted as

(2)

where  and  are frequency and time delays, while
, where

(3)

Then, we used normalized correlation functions
. Our task was to

estimate the characteristic scintillation time . Fol-
lowing Cordes [5], we tried to determine the value of
the scintillation time from the time-section of two-
dimensional correlation functions of dynamic spectra

 taken with zero frequency delay. Tradition-
ally [5], this cross-section is approximated by a Gauss-
ian and the half-width of this function at the level 
is taken as the scintillation time. Other researchers,
who used correlation functions for data analysis [2,
10, 11], have pointed out deviations of these functions
from the Gaussian form. We suggest to use a more
universal function for approximation of the time-sec-
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Table 2. Results

PSR—the pulsar name; ; —scintillations time,
s; RMS1 and RMS2—RMS for Gaussian and for exponential
functions, respectively; —the power for exponential function.

PSR , s RMS1 RMS2

B0329+54 31.3 115(5) 1.62 0.58 1.67(1)
B0809+74 24.5 373(50) 0.90 0.22 1.33(1)
B0823+26 212.0 50(3) 0.06 0.04 1.66(1)
B0834+06 14.5 227(5) 0.86 0.25 1.528(6)
B0919+06 55.3 94(2) 0.08 0.03 1.57(1)
B1133+16 263.1 26.6(3) 0.40 0.13 1.86(1)
B1237+16 22.1 221(15) 1.27 0.34 1.39(1)
B1749–28 68.6 201(8) 0.57 0.32 1.82(1)
B1929+10 25.9 232(5) 0.73 0.24 1.65(2)
B1933+16 128.6 42(8) 2.63 0.67 1.18(1)
B2016+28 4.2 708(70) 1.40 0.16 1.36(2)

R scintt α

= obs scint/R T t scintt

α

tion , namely, an exponential function with an
arbitrary power:

(4)
Here, —amplitude, —the parameter characteriz-
ing the width of , the half-width at the level  is
defined as . The parameters , , 
were determined by approximation of computed 
by function (4) for positive shifts with the step of
2 counts from  made for exclusion of noise
peak.

4. ANALYSIS RESULTS
Analysis results are presented in Table 2. The first

column of the table gives the designation of the pulsar,
the second one – the ratio of the time at which the
dynamic spectrum was obtained ( ) and character-
istic scintillation time ( ), and the third one shows
the characteristic scintillation time ( ) determined
by the relation . The next two columns of the
Table compare the values of the root mean square
deviations (RMS) for two options for approximation
of the calculated ones: by the traditional Gauss-
ian and by the exponent with an arbitrary power; the
last column shows this power. The numbers in the
parentheses give the value of the formal RMS error of
determination of this parameter as a result of the least
squares fit. These errors refer to the last significant
digits of the measured values. In fact, these parameters
change over time in a much wider range of values.

Cordes et al. [12] called attention to the so-called
“relative error” in their estimates of the decorrelation
band, which arises in the analysis of correlation func-
tions. They estimated the relative error by the value

, where is the total number of scintillation

details (scintiles) in the spectrum  and

 is the bandwidth of the receiver. This error, when
 is determined from the CCF, usually is 10–20%.

We call attention to the fact that in determination of
, along with random errors as the indicated relative

error, a systematic error also appears, which is also
associated with restrictions on the observation time
and the receiver bandwidth. This error arises due to
the cutting of individual scintiles, which is due to the
limited duration of the observational scan in time and
frequency ( ). We suggest to introduce a “cut-
ting parameter” , which is related to the number of
scintiles truncated by the edges of the observation field
in time. As such a truncation parameter, we will use
the ratio value of the duration of the observational
scan and the value of the characteristic scintillation
time ; the values of  are given in
column 2 of Table 2. To compare the quality of the
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approximations of  calculated by simple Gauss-
ians and by exponents with an arbitrary power, we
show the residual deviations for these cases in Table 2.
It is seen that these residual deviations are always
noticeably smaller (from 1.5 to 8.8 times) for the
approximations by exponents with an arbitrary power.
Figure 1 shows, as an example of comparison of these
methods of approximation, the data for two pulsars:
B1237+25 and B2016+28. In the upper part of the fig-
ure, different lines show the calculated  and two
approximation functions. In the scale of such a figure,
it is difficult to discern the difference between the
approximations. For this reason, in the lower part of
the Figure, deviations of the observational data from
the approximation functions are shown: the dark
(solid) line corresponds to the approximation by expo-
nents with an arbitrary power and the lighter (dashed)
line corresponds to the approximation by Gaussians.
It is clearly seen that approximation by exponents with
an arbitrary power reflects the observed  much
better.

5. DISCUSSION

Interstellar scattering is closely related to the prop-
erties of the interstellar scattering medium (ISM),
since the scintillation effects are caused by f luctua-
tions of the electron density in the latter. An analysis of
a large amount of observational data on pulsars has
shown that pulsar scintillations are statistically consis-
tent with the power-law spectrum of spatial inhomo-
geneities with an index  (i.e., the Kolmogorov
spectrum) in a very wide range of spatial scales [13,
14]. The structure function of oscillations of the phase
of pulsars radio emission is related to the spatial spec-
trum of the electron density, which is described by the

NCF

NCF

NCF

= .3 67n
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Fig. 1. Upper panel—examples of time cross-sections for two-dimensional autocorrelation functions of the dynamic spectra of
pulsars B1237+25 (left) and B2016+28 (right). Solid lines show the calculated functions, dashed lines represent the approxima-
tion exponential functions, and the dotted lines are the Gaussians. The bottom panel shows the corresponding residual devia-
tions: solid lines represent the results of approximation by power functions, and dashed lines—by Gaussians.
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relation , where  is the spatial frequency
and  characterizes the degree of turbulence.

The analysis of the structure functions of some pul-
sars has shown that the spectrum for different local
directions in the Galaxy may differ from the Kolmog-
orov spectrum [8, 15]. The relationship between the
index of the spectrum of inhomogeneity  and the
power in the time dependence of the structure func-
tion was discussed in several publications [3, 16, 17].
In the paper by Shishov et al. [3], it was shown that, for
the power-law spectrum in the regime of saturated
scintillations, the temporal structure function 
has the form  for  and

. The structure function  can be
expressed in terms of the normalized correlation func-
tion  as . For the
case of approximating the correlation function by an
exponent, we obtain the expression for small delays:

. Thus, for
small delays, the structure function is a power-law
with an index  and the spectrum power of spatial
inhomogeneities of the interstellar plasma in this
approximation will be . The powers  are

−Φ =( ) nq Cq q
C

n
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shown in the last column of Table 2. The numbers in
parentheses correspond to the curve negotiation errors
of the power function.

It turned out that in the direction of three pulsars
(B0329+54, B0823+26, and B1929+10) out of 11 pul-
sars in our list, the spectrum exponent of spatial inho-
mogeneities of the interstellar plasma  is very close to
the value of the Kolmogorov spectrum ( ). The
highest value  was obtained in the direction to
the pulsar B1133+16 and the smallest value
( )—in the direction to the pulsar B1933+16. It
should be noted that the correct approximation of the
correlation function (power-law) gives the correct
value of the power . It can also be noted that the dif-
ference between the correlation function and the
Gaussian shows that the internal scale of turbulence is
smaller than the characteristic spatial scale of scintilla-
tions.

As indicated in the previous paragraph, a system-
atic error in the determination of the characteristic
scintillation time tscint and in the determination of the
indicator can be introduced by the effect of the limited
observational time at which the dynamic spectra. We
propose to characterize this effect by the parameter

n
= .3 67n

= .3 86n

= .3 18n

n

ASTRONOMY REPORTS  Vol. 65  No. 11  2021



THE SPECTRUM POWER OF INTERSTELLAR PLASMA INHOMOGENEITIES 1133

Fig. 2. Dependence of the index of the power-law approximation function  on —the ratio of the observation time  to the
characteristic scintillation time . White circles show the measured values for 11 pulsars. The dashed line passing through the
squares reflects the behavior of  for the pulsar B1133+16 with an artificial shortening of the observation time. The dotted line
passing through triangles shows the same for the pulsar B0823+26, and the dash-dotted line with black dots refers to the pulsar
B1933+16.

1.0

1.2

1.4

1.6

1.8

2.0

1 10 100

Power law index

Parameter R

α R obsT
scintt
α
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 0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

10 20 30 40 50 60

Correlation coefficient

Time lag, s
R = Tobs/tscint; R values   are given in column 2 of
Table 2. We will discuss this influence based on the
data presented in Fig. 2. In this figure, the abscissa
scale is given in a logarithmic scale, and the ordinate
scale is left in natural values. Circles indicatе the val-
ASTRONOMY REPORTS  Vol. 65  No. 11  2021
ues of the exponent   α obtained by the method of
approximating the correlation function. For the main
group of points, you can see some tendency of an
increase in the exponent α with an increase in the
parameter R. To check this tendency, for three pulsars
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of which the initial value of Z exceeds 100, we carried
out processing with artificial limitation of the observa-
tion time. The dashed line through the squares refers
to the pulsar B1133+16 (top line). For this pulsar, the
total number of pulses is N = 6000, and we performed
data processing for the values   of N equal to 6000,
4000, 2000, 1000, 500, 200, and 100. It can be seen
from the figure that at small values   of the parameter
R, a noticeable decrease in the values   of the indica-
tor is observed. The dotted line through the triangles
refers to the pulsar B0823+26. Decreasing trend of α
with a decrease in the observation time is confirmed
for this pulsar as well. This trend is also seen for the
pulsar B1933+16 (dash-dotted line passing through
black circles), although for this pulsar the indicator α
has the lowest value out of total groups of points in the
figure. This pulsar has the greatest value of the mea-
sure of dispersion (DM = 158 kpc/cm3) and is located
at a considerable distance (3.7 kpc). We also note that
the RMS for the Gaussian in relation to the RMS for
the power function increases with decreasing para-
meter R.

The duration of the observation session also affects
the determination of the characteristic scintillation
time tscint. Figure 3 shows a comparison of the NCF
time cross sections for the full (7000 s) and truncated
(100 s) observational scans: it can be seen that with a
decrease in R, the cross section shape changes and tscint
decreases. The smaller the R, the greater the effect is.
Apparently, the reason for the dependence of the esti-
mates of the exponent and the characteristic scintilla-
tion time on the relative sample length is the insuffi-
cient number of diffraction spots in the analyzed
dynamic spectrum to obtain a statistically correct esti-
mate of the parameters. With a small Tobs/tscint ratio,
some of the diffraction structures are cut off both in
time and in frequency if fdif is only several times smaller
than the receiver bandwidth.

6. CONCLUSIONS
1. We have carried out the analysis of normalized

two-dimensional correlation functions  of
dynamic spectra for 11 pulsars using the archival data
of the “Radioastron” project. The time-sections of
these functions were approximated by exponential
functions with a power α. It was shown that these
functions describe the shape of NCF much better than
the Gaussian functions. For all sources, the power α
and characteristic scintillation time tscint were deter-
mined.

2. Out of 11 pulsars in our list, in the direction of
three pulsars (B0329+54, B0823+26, and B1929+10),
the spectrum power of spatial inhomogeneities of the
interstellar plasma turned out to be very close to the
value for the Kolmogorov spectrum ( ). For
other pulsars, it ranges from 3.18 (PSR B1933+16) to
3.86 (PSR B1133+16). The average value of this power

NCF

= .3 67n
for the entire list, with the exception of the pulsars
B2016+28 and B1933+16, is 3.62.

3. It was shown that the duration of the observation
session, expressed in the units of the characteristic
scintillation time (parameter ), has a noticeable
effect on the measured parameters. If this parameter is
less than 10, biased estimates of the parameters can be
obtained: a decrease in the values of the power  and
the characteristic scintillation time . Out of our
list, the pulsar B2016+28 definitely belongs to this cat-
egory.
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